Abstract. Universal extensions arise naturally in the Auslander bijections. For an abelian category having Auslander-Reiten duality, we exploit a bijection triangle, which involves the Auslander bijections, universal extensions and the Auslander-Reiten duality. Some consequences are given, in particular, a conjecture by Ringel is verified.
Introduction
The Auslander bijections play a central role in the theory of morphisms determined by objects [2, 3, 9] . In what follows, we explain the setting of the Auslander bijections.
Let A be an additive category, and let C, Y be objects. A morphism α : X → Y is right C-determined if the following holds: if t : T → Y is any morphism satisfying that t • φ factors through α for each morphism φ : C → T , then t factors through α.
Two morphisms α 1 : X 1 → Y and α 2 : X 2 → Y are right equivalent if α 1 factors through α 2 and α 2 factors through α 1 . This is an equivalence relation on the set of all morphisms to Y , and the right equivalence class of a morphism α : X → Y is denoted by [α . Then we have the poset [−→ Y of right equivalence classes of morphisms to Y . Here, [α < [α ′ provided that α factors through α ′ . We observe that if α and α ′ are right equivalent, then α is right C-determined if and only if so is α ′ ; so it makes sense to say that the corresponding right equivalent class is right C-determined. Following [9] , we denote by C [−→ Y the subset of [−→ Y consisting of right equivalence classes that are right C-determined. This poset is central in this theory; see [9] .
Set Γ(C) = End A (C) to be the endomorphism ring of C, and denote by Γ(C) is surjective, or equivalently, it is an isomorphism of posets. Roughly speaking, the Auslander bijection reduces the study of morphisms to submodules.
One of the fundamental results in the representation theory of artin algebras claims that if A is the category of finitely generated modules over an artin algebra, the Auslander bijection at any module holds [1, 8, 9] . This is extended to dualizing varieties over a commutative artinian ring in [6] ; see also [5] . However, if A is an abelian category with Serre duality, the Auslander bijection may fail, in which case we have to restrict to epimorphisms; see [5] .
Let k be a commutative artinian ring. In what follows, A is a Hom-finite klinear abelian category having Auslander-Reiten duality with τ the AuslanderReiten translation [7] . The main examples in the representation theory are the module category of an artin algebra and the category of coherent sheaves on a weighted projective line.
We denote by P the ideal of A formed by projectively trivial morphisms, and denote by Hom A (C, Y ) = Hom A (C, Y )/P(C, Y ). Here, we recall that a morphism f : C → Y is projectively trivial if it factors through any epimorphism ending at Y . Then the poset Sub
We say that the restricted Auslander bijection at Y relative to C holds if the following map
is surjective, or equivalently, it is an isomorphism of posets.
The main result states a bijection triangle, which involves the restricted Auslander bijections, universal extensions and the Auslander-Reiten duality. In particular, the restricted Auslander bijection holds in an abelian category having AuslanderReiten duality.
Theorem. Let A be a Hom-finite k-linear abelian category having AuslanderReiten duality, and let C, Y be objects. Set K = τ C. Then the following bijection triangle is commutative
where γ K,Y is an anti-isomorphism of posets which is induced by the AuslanderReiten duality, and δ K,Y is an anti-isomorphism of posets whose inverse assigns to each
We mention that the idea of a bijection triangle is implicit in the proof of the Auslander bijections for module categories; see [2, 3] and [1, Chapter X] . We are inspired by the comparison between the Auslander bijections and the AuslanderReiten theory in [9, Section 10] . Universal extensions of modules are widely used to construct certain modules in the representation theory of artin algebras. Here, we make them explicit in an arbitrary abelian category.
The paper is structured as follows. Semi-universal extensions and universal extensions are studied in Sections 2 and 3, where the bijection δ K,Y is established in Proposition 2.4 and the notion of universal extension is given in Definition 3.4. The bijection triangle is proved in Section 4; see Theorem 4.5. Some consequences of the bijection triangle are given in Section 5. In particular, a conjecture by Ringel in [9] is verified; see Proposition 5.3 and Corollary 5.4.
Semi-universal extensions
In this section, we study semi-universal extensions in an arbitrary abelian category. We obtain a bijection, which relates the poset of right equivalence classes of morphisms to the poset of finitely generated submodules of the Ext module.
Throughout A is an abelian category. For an object K, denote by Γ(K) = End A (K) its endomorphism ring. Then for an object Y , Hom A (Y, K) and Ext For an object K, denote by add K the full subcategory of A formed by direct summands of finite direct sums of K. Recall that
is a duality of categories, which sends K to the regular module Γ(K). Here, for any ring R, R-proj denotes the category of finitely generated projective left R-modules.
The following fact is standard.
Lemma 2.1. Let K, Y be two objects in the abelian category A. Consider two exact sequences
→ Y → 0, and the following statements:
(1) there is a morphism v : 
Proof. The implications "(1) ⇔ (2)" and "(2) ⇒ (3)" are direct.
For "(3) ⇒ (2)" in the case that K 2 ∈ add K, we consider the two epimorphisms
We apply the projectivity of the Γ(K)-module Hom A (K 2 , K) and the containment in (3) . Then there exists a morphism w :
, there exists a unique morphism u :
The remaining statements are immediate consequences.
Lemma 2.2. Let K, K
′ and Y be objects in A with K ′ ∈ add K. Then the following statements hold:
(1) there is a natural isomorphism
Proof. Both isomorphisms are special cases of the following well-known fact: for an additive functor F from add K to the category of abelian groups, there is an isomorphism
This fact follows immediately from Yoneda Lemma.
The following existence result is the basis of our treatment.
′ is also a semi-universal L-extension, then the two morphisms α and α ′ are right equivalent, or equivalently, there exist morphisms u :
Proof. Recall the duality of categories Hom
is finitely generated, we may take a morphism c : Hom For [α ∈ [−→ Y epi , we consider the corresponding exact sequence
is independent of the choice of the representative α of the class [α . Then we have the following map
The above map restricts to a bijection, whose inverse sends a finitely gener-
is a finitely generated Γ(K)-module, since Hom A (Ker α, K) is a finitely generated projective Γ(K)-module.
Proposition 2.4. Let A be an abelian category. Keep the notation as above. Then there is a bijection
Proof. The injectivity of δ K,Y follows from Lemma 2.1. For the surjectivity, we consider a semi-universal L-extension ξ :
reverses the orders of the two posets by Lemma 2.1.
Right minimal epimorphisms and universal extensions
In this section, we study right minimal epimorphisms and define universal extensions. A semi-universal extension is a universal extension if and only if the corresponding epimorphism is right minimal.
Throughout A is an abelian category. Recall from [1, I.2] that a morphism α : X → Y is right minimal provided that any endomorphism u : X → X satisfying α = α • u is an automorphism. We observe that an epimorphism P → M of R-modules with P projective is a projective cover if and only if it is right minimal.
We need the following well-known observation.
Then the following statements are equivalent:
(1) the epimorphism α is right minimal;
Proof. For the equivalence "(2) ⇔ (3)", we observe that any morphism Γ(K) = Hom A (K, K) → M of Γ(K)-modules is uniquely determined by the image of Id K , and thus any endomorphism Hom
We infer from this the required equivalence.
For "(1) ⇒ (2)", we observe that the identity [ξ] = [u.ξ] implies the existence of the following commutative diagram
Since α = α • v and α is right minimal, then v is an automorphism. It follows that u is an automorphism. For "(2) ⇒ (1)", we just reverse the argument.
The following characterization of right minimal epimorphisms extends slightly the above equivalence "(1) ⇔ (3)". 
Proof. For the "only if" part, recall the duality
. We will show that u, thus Hom A (u, K ′ ), is an automorphism. Since K ∈ add K ′ , there exist morphisms
Since α is right minimal, we infer that u is an automorphism by Lemma 3.1(2).
For the "if" part, it suffices to show that any endomorphism u :
. By the right minimality of c(ξ, K ′ ), we infer that Hom A (u, K ′ ), thus u, is an automorphism.
The following result seems to be well known. 
For the "if" part, we take a projective cover Hom
Thus we obtain a right minimal morphism c : Hom
. By Proposition 3.2, the morphism α ′ is right minimal, and by Lemma 2.1 α is right equivalent to α ′ .
The above proposition suggests the following definition. The notion does not come as a surprise, since universal extensions are widely used in the representation theory of artin algebras to construct modules with prescribed homological properties. We summarize some properties of universal extensions in the following proposition. In particular, the second statement implies that universal extensions are unique up to certain isomorphisms. 
. By Lemma 3.1, both u ′ • u and u • u ′ are automorphisms. We infer that u is an isomorphism. By Proposition 3.2 it suffices to prove the "if" part of (3). We take a morphism c : Hom
and Im c = L; moreover, the induced epimorphism Hom A (K ′ , K) → L is a projective cover. In particular, the morphism c is right minimal. By Lemma 2.2(2), there exists an exact sequence ξ : 0 → K ′ → X → Y → 0 with the property c = c(ξ, K). Then ξ is a universal L-extension.
Auslander-Reiten duality and a bijection triangle
In this section, we exploit a bijection triangle in an abelian category having Auslander-Reiten duality; see Theorem 4.5. It implies that the restricted Auslander bijection holds in an abelian category having Auslander-Reiten duality.
Let k be a commutative artinian ring. We denote by D = Hom k (−, E) the duality on finitely generated k-modules, where E is the minimal injective cogenerator of k.
Let A be a Hom-finite k-linear abelian category. The Hom-finiteness means that the k-module Hom A (X, Y ) are finitely generated for each pair X, Y of objects. In particular, for any object K the endomorphism ring Γ(K) is an artin algebra and thus any Γ(K)-module has a projective cover. As a consequence of Corollary 3.3, any morphism in A is right equivalent to a right minimal morphism.
Following [7] , a morphism α : X → Y is projectively trivial if Ext The abelian category A is said to have Auslander-Reiten duality [7] provided that there exists a k-linear equivalence τ : A → A with a k-linear functorial isomorphism
The equivalence τ is called the Auslander-Reiten translation of A; it is unique up to a natural isomorphism.
By the isomorphism (4.1) we infer that the k-module Ext Denote by τ −1 a quasi-inverse of τ . The isomorphism (4.1) induces another functorial isomorphism
Here, we apply a natural isomorphism ε : τ −1 τ → Id A on X. We recall that for a module M over a ring R, we denote by sub R M the poset of finitely generated R-submodules of M . We observe the following immediate consequence of the Auslander-Reiten duality (4.2).
Lemma 4.1. Let A have Auslander-Reiten duality, and let K, Y be objects in A.

Then there is a bijection
where "inc" denotes the inclusion and
the inclusion. The bijection is an anti-isomorphism of posets.
Proof. We use the fact that for a finitely generated module M over an artin algebra A, there is a bijection between sub A M and sub A op DM , sending a submodule L to the kernel of the projection DM → DL. Then we identify DExt
Let ξ : 0 → K ′ → X → Y → 0 be an exact sequence and let K be an object. We consider the connecting map c(ξ, K) :
, which is still denoted by c(ξ, K). Dually, we have the connecting map
Here, ξ.u denotes the pullback of ξ along u. It vanishes on P(K, Y ). Then we have the induced map
We observe the following compatibility property in the Auslander-Reiten duality (4.1) and (4.2), which is implicitly contained in the argument in [7, Section 3] . 
In particular, we have an exact sequence
Proof. The compatibility follows from the explicit construction of the AuslanderReiten duality in [7, Proposition 3.1 and Lemma 3.2].
By the commutative diagram, the kernel of c(τ
, which equals the kernel of D(inc ′ ). This yields the exact sequence (4.5).
For any objects C and Y the following map is well defined
which sends [α to Im Hom A (C, α) for any epimorphism α : X → Y . We observe that Im Hom A (C, α) = Im Hom A (C, α)/P(C, Y ).
For another object K, we identify via τ −1 the Γ(τ −1 K) op -module structure on Hom A (τ −1 K, Y ) with the corresponding Γ(K) op -module structure. Hence, by abuse of notation, we identify the posets sub
. We obtain a commutative triangle via the Auslander-Reiten duality. 
The following sequence is exact 
Her, we use the following convention: in considering the statement "τ −1 K ∈ add C" in A, we mean that all the non-projective direct summands of τ −1 K lie in add C.
Proof. For the first statement, we consider a morphism t : T → Y such that any morphism φ : τ −1 K → T satisfies that t • φ factors through α. To show that t factors through α is equivalent to proving that the element [ξ.t] in Ext
is the exact sequence corresponding to α and ξ.t denotes the pullback of ξ along t. By the isomorphism (4.2), it amounts to proving that the element (
is zero. We assume the converse. Then there exists a morphism φ :
By the naturalness of Ψ on the first variable, we compute that
But t • φ factors through α and thus [ξ.(t • φ)] = 0. This is a contradiction! It remains to prove the "only if" part of the second statement, since the "if" part is trivial by the first statement. We claim that each indecomposable direct summand K ′ of K satisfies τ −1 K ′ ∈ add C. For the claim, we observe that the composite inclusion K ′ i → K → X is not split, since α is right minimal; in particular, the object K ′ is not injective. Consider the almost split sequence ξ [7, Section 4] . Then the inclusion K ′ → X factors through f . We have the following commutative diagram
In particular, we have [i.
We assume on the contrary that τ −1 K ′ does not lie in add C. Then any morphism φ : C → τ −1 K ′ is not split epic, and thus factors through g. It follows that t • φ factor through α. By the assumption that α is right C-determined, we infer that t factors through α, and thus the pullback ξ.t of ξ along t is a split exact sequence. Then the pushout i.ξ ′ of ξ ′ along i is split, and thus the split monomorphism i factors thorough f . This is impossible, since f is not split mono.
We summarize the results in the following bijection triangle, which involves the restricted Auslander bijections, universal extensions and the Auslander-Reiten duality. 
In particular, we have the restricted Auslander bijection at Y relative to C η C,Y :
which is an isomorphism of posets.
Proof. The equality on the corner is contained in Proposition 4.4, while the commutativity is proved in Proposition 4.3. Both the bijections δ K,Y and γ K,Y are anti-isomorphisms of posets, it follows that η C,Y is an isomorphism of posets.
Consequences of the bijection triangle
In this section, we draw some consequences of the bijection triangle (4.6). Universal extensions play a fundamental role in the restricted Auslander bijections. We verify a conjecture by Ringel in [9] ; see Proposition 5.3 and Corollary 5.4.
Throughout k is a commutative artinian ring and A is a Hom-finite k-linear abelian category having Auslander-Reiten duality (4.1). We recall that any morphism α : X → Y is right equivalent to a right minimal morphism α
In what follows, we mainly consider right minimal epimorphisms.
Let K, Y be objects in A. Set C = τ −1 K. We recall the restricted Auslander bijection (4.7) at Y relative to C η C,Y :
The following result implies that universal extensions arise naturally in the restricted Auslander bijection; a special case is already pointed out in [9, Proposition 9.3] . Recall that universal extensions in A exist by Proposition 3.5(3). for a direct summand K ′ of K n . In particular, X is a quotient object ofX ⊕ K n .
Here, K n denotes the direct sum of n copies of K.
Proof. We observe that there exists a natural number n such that for any Γ(K)-submodule L of Ext We have the following characterization of the map F . Here, we recall that elements of DHom A (C ′ , Y ) are k-linear maps Hom A (C ′ , Y ) → E, where E is the minimal injective cogenerator of k. 
